MATH 231: Fall 2025 Instructor: Nicholas Vlamis

Wednesday 11/19/2025 Exam 2 110 minutes

Name: So\ujt‘\om

Instructions.

1. Read each problem carefully. Make sure you understand what the problem is
asking.

2. Unless previously granted permission, you may only use a TI-82, TI-83, TI-84 or sci-
entific calculator.

3. You may use a note sheet, which consists of a single sheet of 8.5” x 11”7 inch paper.
Your note sheet is not allowed to contain solutions to problems or proofs of theorems.
It will be collected with your exam.

4. No devices other than a writing utensil and calculator may be used.

Question | Points | Score
1 5
2 6
3 5
4 6
5 10
6 10
7 4
8 4
Total: 50
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Theorem 1 (Invertible Matrix Theorem). Let A be an n x n matrix. Then the following
statements are equivalent.

a. A is an invertible matrix.

b. A is row equivalent to I,,.

c. A has n pivot positions.

d. The equation Ax = 0 has only the trivial solution.

e. The columns of A form a linearly independent set.

f. The linear transformation x — Ax is one-to-one.

g. The equation Ax = b has at least one solution for each b € R".
h. The columns of A span R".

i. The linear transformation x — Ax maps R" onto R".
j. There is an n x n matrix C' such that CA = I,,.

k. There is an n X n matrix D such that AD = I.

1. AT is an invertible matrix.
m. The columns of A form a basis of R™.

n. col(A) = R".

o. rank(A) = n.

p. nullity(A) = 0.

q. null(4) = {0}.

r. det(A) # 0.

s. 0 is not an eigenvalue of A.
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Questions

1. Let A be a 3 x 3 matrix with det(A) = —3.

(a) Find det(2A).

&%\QA\: Q3 Qr(A) = B(-y= 2

(b) Find det(A™1).
\

—

\ = .
LAAD S w2

(c) Find det(A?).

AH(AY) = AR LAY QA = -3)-9

(d) Suppose B is a matrix obtained from A by multiplying the first row of A by 2, the
second row by -3, and switching the last two rows of A. Find det(B).

A (B): Q13 &R = ()= 1%

(e) Find det(AB).

LLAD) = dgral bip = EDEE” S
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1 2 0 -1
2 4 1 —-2| whose reduced row echelon form is
5 10 2 -—5

0 -1
1 0
0 O

] € R* in the null space of A? How do you know?

] 5 n the rullgpae o B f QE]B

2. Consider the matrix A =

as follows

S O N

1
rref(A) = [O
0

N O = O

(a) Is the vector |:

1
?)} dofwlien, (_g
. 2 o -\ e 2-3 o C
“QAJ \2 Y 1~2\][;1: H'H]‘[°] =3\}1 Tb\\f\\’\\k
Clacle” S o 2 -§ 4 l0-10 ’ " N\ S@Q&o@
AR

(b) Find a basis for col(A).

/)Lk ?N'A— columng ot (-\ 91\/6 o L)OJ:S \(Of Cul(.,pr)/

> B el

(c¢) Find the rank and nullity of A.

{x vank hu“;“} X’wa m Aoy @ase 3N

VLR nu“"%&(ﬂ\: 4 |

%?f ¥ L ranktRITS ane So
nu\l\‘\vﬁtg\: -3 3



Math 231 Page 4 of 9 Exam 2

3. Let A be an invertible matrix whose inverse is given by

-1 2 0 1

1 0 0 1 -1

A 3 1 =5 0

1 -1 -1 1
1

a) Let b= -3 . Find a solution to Ax = b.

0
1

Te Bx=b, BCAx)= b

- Q2 gl ,\3

-

-.\\ -~ -
i\X:AL\ o o | -\ 6 |~ 0\
5

21 =56 '
el Bl B -

(b) Using only the definition of an invertible matrix, provide an argument for the fact
that Ax = b has exactly one solution, that is, show that if u and v are both
solutions to Ax = b, then v = u. (To be clear, you cannot use the Invertible
Matrix Theorem in your argument.)

fl«‘ &urﬁ\’\ Yl ﬂ‘mb‘);q(tﬂd}'

s AN AR
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- 1 3 .
4. Let v; = [2 } and vy = [J be vectors in R?, and let B = {v, vy }.

(a) Provide an argument showing that B is a basis for R

L3
COAS"(},W Hoo watnx E:&v\ v;\:b‘ | "
/\/L., svert bl watex Moo Llly ws thar iF B 13 vwarkibl,

PR |
/{/LV\ z 7S \\\V\I-QW\\} \\"‘EJ-W-Q—V‘(\_LV\'\ ahé g SPO"‘s m >N

Moy Lords et B s @ bess for n

T, dice o mverkibility of B we can ’éuﬂr Chack

ek 1ds Qlevminant 13 enTe
Qi B=-5%0 = Lo o

2
3

. . ] Cola
’Bké_ AL(‘\A\’\“OV\, Y-V}B: [Ca‘l , w\\s.wa. VERSRS TLaVa
Toie says Ahat BLEL Y

5 (e (B3 LG s H] g

La.&'\s Cor TP}.

(b) Find the B-coordinates of v = [ } , that is, compute [v]g.

(c) Suppose A is a 2 x 2 matrix such that Av; = 3v; and Avy = —2v,. Compute
[Av]z. (You will have to use your answer from (b).)

Q\V - N L?/gv‘ 4 '/5\,1\" \Is) AVI +L_‘/Gjﬂ'\}a
- I(3v) FLEIEAY,)

- (3B - (B
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1 6 —6
5.LetA[O -1 2]

0 1 0

1
(a) Isv = [O] an eigenvector of A? Explain how you know.
1

Ts“a, é9"(‘\““"‘"‘\'\, UV 1§ Gh ei?lvwed"‘/ of (Dr |71C
AV {or soma conthont A Loty Check:
l -6 ' -5 SotH in 03\u=1\\/,l~£
(G

I
cC 1 o 0

\ (‘A \ ’\' %‘U WA’MQJEM
?L)r ' @’\\“\"‘} T s Yom e Cﬁl; ALG ) ey Ok,

(b) Find the characteristic polynomial of A. Show your work. (You should get thiNlA{D\\
aye

polynomial (A — 1)*(A\ +2).)
Al W (_-\-t \ ) =l
Lo Chewe V”iw?"\”{"‘@“"“’*\ S lntonsishmt
Lilar-p)=|r e 6 S VIS b
Z A ”;* Gw e vettop
-\

=y [oena -2 &\
e[ A A== Q- O (AT ()
(c) What are the eigenvalues of A?

/lLk e?zmugluef of A CCIN-ESPG\A& '\O ‘H\L

cf cl'\ovacloﬁriﬂ‘t Pa‘ oo |
bt of s 4 O s 1

(Problem continued on next page.) Gy +Ln_ G,I?&V\VO\IM
of- [
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(d) Find a basis for each eigenspace. (Feel free to work on the back of the sheet.)

A: | -

_ 1-Al
Ei. nu\\(’
6 -GG
" nall {0 A~
0 -\

qe-a
. nul (-aT-R)

~3 -G G h
nalill g0
g ~\ -

G—’\— e\ ion:

3-C C \\ 2 - ]
) LUNN C -\ |
VAR 6 -1 &

o ~\ &

(e) What is the dimension of each of the eigenspaces of A? = 4
=) 2\ s a
\

A\ME‘ < A
A‘W\E‘l =1
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6. |10 points| Answer the following questions. No explanation is necessary.

(a) If Ais 3 x 2 matrix and the matrix product AB is a 3 x 4 matrix, what is the size

of B?
B s axy

(b) Write down the 3 x 3 elementary matrix corresponding to the row operation of
switching the first and third row. 0 o | '

0 \ o
| o o
(c¢) Suppose A is a 5 x 7 matrix. What is the value of n for which the column space of

A a subspace of R"? c
clA) 7§ o subspace oF R

(d) Suppose A is a 5 x 7 matrix. What is the value of n for which the null space of A
a subspace of R"?

7.
nallLR) 1S5 S Sulo.\pou of TR

(e) Suppose A is a square matrix that is not invertible. What is det(A)?

0

(f) If Ais a9 x 7 matrix and the rank of A is 3, then what is the nullity of A?

.

(g) What is the rank of an invertible 6 x 6 matrix?

A

(h) List all the possible values for the nullity of a 3 x 5 matrix.
Conk ¢ c o o,\,%,3 so nu\\\*\a.

< @ My

gl H 131 l
(i) Let A be a 8 x 6 matrix. If A has four pivot columns, what is the size of a basis for
the solution set to Ax = 07

9,

(j) Given nonzero vectors u, v € R™ such that u and v are linearly independent, what
is the dimension the subspace span{u,v,u+ v}?

o
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7. Let W = { [ﬂ cR?:ay > O}, so that T is the union of the first and third

quadrants in the xy-plane. Determine whether W is a subspace of R? or not. Justify
your answer.

No, W s wt a SuLSPGC»..

[2) en (€] o m W)
B PRRLGESEES

$o N connhet J?Q Q ‘SUIZSPOCQ

Bl -Ee Le)eLs]

8. Use the properties of the determinant to show that if A and B are square
matrices such that AB is invertible, then A and B are both invertible.

Ne G &HPWVEG, g5 OB S wverhibla
Now L ACAR) = kP L ds)
> LM &G BIE O

= L MPM\E0 ond & (8)FO
S A ond B o both Mvo_v—*n‘é(.q-



