MATH 301/601: Spring 2025

Instructor: Nicholas Vlamis

Wednesday 3/19/2025

Exam 1

110 minutes

Name: So\u’\'ROY\S

Instructions.

1.

Read each problem carefully.
asking.

Make sure you understand what the problem is

Proofs can be informal: use of logical symbols and incomplete sentences are permitted.
However, make sure all statements and logical steps are clear and correct.

. You are allowed one 8.5”7 x 11”7 sheet of notes, written on the front and back. Your

sheet may only contain theorem statements and definitions. You must turn in your

note sheet with the exam.

. No devices other than a writing utensil may be used.

Feel free to use the back of any sheet. Just make it clear where I am meant to look for

your solutions.

Question | Points | Score
1 3
2 3
3 3
4 6
5 5
6 4
7 5
8 7
9 7
10 7
11 7
Total: 20
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Part I: Computation and Understanding

1. Use the Euclidean algorithm to compute ged (54, 120).

[R0:= 2- Sy + |\
5u: 4. JQ\
(A 26 +0

> gcé(gq, 120 6

2. Use the fact that 10" = (—1)" (mod 11) for each n € N to show that 132539
s divisible by 11.

325392 110° « 310"« 2.10'+ §.10%+ 310 + 9
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3. List all the subgroups of Zg and explain how you know that you have them
all.
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4. Eor' each of following pairs of sets and binary operations, give one reason
why the pair is not a group.

(a) the natural numbers with addition, (N, +)
—
llave 1€ no ‘léﬂy\\i\\x& e\ement.

atht o V abe

(b) the integers with subtraction, (Z, —)

Vot associative

@-10-¢ 4 1-(1-1)

(c) the rational numbers with multiplication, (Q, )

O has no fovede . a-041 YVae Q.

5. In each of the parts, find the inverse of the element in the specified group.
(a) 41in U(9) (Recall that, for n € N, U(n) = {a € Z,, : ged(a,n) = 1} is a group under

multiplication modulo n.)

70 oS TERNFTAN]

(b) 1+ +/2 in the group (Q(v/2), +), where Q(v/2) = {a +bv2: a,b € Q}
173

(T g TS o be  abot QQ(E)\;‘)K/ ). O°PSI'>
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6. In each of.the parts, find the order of the element in the specified group. In
each case, the order is finite.

(a) {(1) _01} in SL(2, 7).

1o T
N AN
TR ¥

(b) 54 in Zy9 (Your answer from Question 1 should be helpful; the order is too big to
find by brute force).

e o 2 g,
|57 edisuoe) G

7. Explain why each of the following groups is not cyclic.
a) UB)=2— 5 = 5
@ UE =37 55 73

7> <}7s Nou o Yo ore fhe

CT5:37,3] oholy frep So Ul is ot C?C["Q.
C §'$ = T/ §$
<35 =31, 79

(b) (Q,+)

Let ?/c7€ Q. As <O LPR> e con assurs phoo,
For keZ, el K020y o kW &0,

|//\_,_wa-¢we , LV/7B 7 Q  as Z? £ 49/7>,
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Part I1: Proofs

Instructions: Complete any three of the following four problems.

8. Let n € N and a € Z ~ {0} be relatively prime. Prove that if b = a (mod n),
then b and n are relatively prime. (***This is an easier version of a homework problem:
do not reference any homework exercises in your proof.)

[_\g LEO Moé V\/ h\b"Q, go) 3 ?EZ S"’l' b‘&"—‘ﬂi, e
a=b-ng.  Tf deN <% Alb aud aln , A A (b-ng).

L\Q\.C.e s é\& ) :W\)o\v"\ﬂ; é/ i\ O Comhon A‘V"&W £ a OW\A h.

ﬂus, CL&T' 1l

9. |7 points| Let p,q € N be prime numbers. Prove that Z,, has pq generators.
Pq
P2- p'7r1 gyum&wj

Le+ OE‘.sz- ‘{L‘-w. \3\5%',9,‘2;6"21,0*3 lal\?‘}
. l'a'\:j S QT O

SCAN A gcdla,pg)s & Qrkg foslE

—_

SOI \5[:() & Oe 4%5: §O/ Qlaq,rv)('P'ﬂ‘.éi

S\w‘«\ov\\a_ | \5\‘? 5 ae 4?)*3 5/ F/ 3?)...,(01-|)§§.
Tave fore , (35T Zpy > AE PO .
= Tl are |Zpq\ "~ lL?»\~\L§5\ + \L7>"L°15\ 0707

Yennc, 4. N
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10. Let a and b be nonzero integers, and let d = ged(a, b). Prove that an integer
c is a linear combination of a and b if and only if d | ¢.

=) Te ¢ iy o linor combinabon o o owd b, Hu 3 \ET
so Hed  coov thh A Qo owd dlb, d)(as#bE).

4 ence, dlc

(&) Ag d=gdlabl, d ste”Z w ek Q7 as +ht.

Ay dc, Fgez st &9

D = é7 < ?(cn ‘(-Lf') = O(?S)“'-L(&?)

D ¢ is ol ombivetion & o ond b T
11. The center of a group G, denoted Z(G), is the set
Z(G)={a € G:ag=gaforall g € G}.

Prove that Z(G) is a subgroup of G.

L\}Q ) to chiw eeZ@) gnd et AE) ¢ Closed under t\’Lﬂ-gmp
OPrration gnd ueson.

v je(’, eg:ge , So ec Z(G).
Nou‘ \e" Q,t)eZ(G,)' (ﬁ\\\n V?’QG/
(ob)g = albg)- algh) < (epb = geb= a(ab)
= ghe Z6) B ZG) i clel s Hha Grap cporkan

‘:'c/\e«“-‘, \[.QJ(' Q€ Z(G\ T V?GG, G%"—.?"c‘
= (ag") ' =@ o 9d=dg = FeZE)

D AG) iy doed urds nvedon, N



